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SUMMARY
The physics of origami concerns the relationship between the introduction of creases
to a thin sheet and their influence on the mechanical response of the sheet. In many cases,
the kinematics are well-approximated by treating the origami sheet as completely rigid and
imposing geometric compatibility conditions, similar to Lagrange multipliers, that permit
folding of the sheet provided the faces are not deformed. In the linear regime, these rigid
modes are governed by a compatibility matrix, similar to a quantum Hamiltonian, whose
symmetry properties govern the existence and features of the modes. Most of the existing
literature has focused on particular examples of crease patterns and there is a lack of general
statements on the relationship between crease geometry and mechanical response.
In this thesis, I explore two broad classes of periodic origami sheet: those whose unit
cells are composed of all (any number) triangular faces and those whose unit cells are com-
posed of four parallelogram faces. For the triangulations I show that a hidden symmetry
guarantees the existence of a two-dimensional space of degenerate ground states, through
which the sheet can rigidly fold, and enforces a realness condition on the compatibility
matrix so that periodically triangulated origami belongs to a special topological class of
materials. For the parallelograms I show that a discrete symmetry divides the compatibility
matrix into symmetric and antisymmetric sectors of modes and moreover, that these mode
symmetries lead to distinct mechanical responses: the symmetric mode generates exclu-
sively in-plane strains while the antisymmetric mode generates exclusively out-of-plane
curvatures. These efforts form a basis for the classification of periodic origami by the sym-
metries of their compatibility matrices that may be extended to other systems such as spin
magnets and mechanical metamaterials.
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The term “origami” is typically associated with the art of folding paper into static config-
urations by the careful process of folding creases. Recently, this art has become a science
dedicated to understanding how a crease pattern can be designed to control the proper-
ties of a sheet [1], including exotic mechanical response [2, 3, 4, 5, 6, 7, 8, 9, 10, 11].
While the rich behavior of the underlying material influences such properties, the behavior
of many origami-inspired structures is well-approximated by geometric compatibility con-
straints [12, 3, 13]. Nonetheless, determining whether a particular three-dimensional shape
can be rigidly folded from a particular crease pattern is NP-hard [14] due to long-range
coupling and combinatoric ordering. Still, linear deformations of origami sheets are well-
characterized by the null space of its linear compatibility matrix in the same way quantum
wavefunctions are characterized by eigenstates of their Hamiltonian. Thus, I study the
physics of origami by considering classes of crease patterns distinguished by the symme-
try properties of their linear compatibility matrices, similar to the ten-fold classification of
topological insulators and superconductors [15, 16, 17, 18, 19].
Origami is the special case of thin sheets where deformations are localized to pre-
defined creases. Generically, thin sheets are geometrically constrained by the equations
of Gauss and Codazzi that couple in-plane strains with out-of-plane curvatures [20], two
deformations that typically are governed by distinct elastic moduli so that this feature can be
manipulated to generate a variety of morphological structures by stretching or compressing
local regions of the sheet [21]. The one-dimensional creases and zero-dimensional vertices
of origami naturally arise via stress localization in thin sheets under strong external fields
[22] giving rise to the formation of periodic patterns such as the zig-zag instability resulting
from biaxial compression [23, 24, 25, 26, 27, 28, 29]. Remarkably, when this pattern of
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creases is folded onto an origami sheet, the mechanical response of the sheet is dominated
by the dilation that generates the instability [30, 31].
Indeed, this process of encoding form [32] and function via crease geometry is viable
in macroscopic shape-memory alloys [33, 34, 35, 36], microscopic polymer sheets [37, 38,
39, 40, 41, 42, 43, 44, 45, 46], and atomically thin graphene [47, 48] and plasmene [49] so
that under mild external fields these materials self-fold into the programmed shape despite
the distinct material properties and length scales. The scale-free and material independent
behavior arises because stretching deformations have an elastic modulus that scales lin-
early with the thickness and are hence suppressed relative to bending deformations which
have an elastic modulus that scales as the thickness cubed [50]. Thus, for sufficiently thin
origami sheets, the modes of deformation are dominated by the isometries (deformations
that preserve length) and the complex elasticity of the sheets [51, 52, 53] can be ignored.
Such origami sheets are referred to as rigid origami and are governed by geometric
compatibility conditions [54, 55, 13] that are more tractable than continuum models for an-
alytical and numerical [56] computations. These models have been primarily explored on
a case-by-case basis by picking crease geometries with symmetry properties that simplify
analysis [57] and it is not clear how their properties change when these symmetries are bro-
ken [58, 59]. While this approach has been able to identify crease patterns with degenerate
ground states (rigidly foldable configurations) [60], negative Poisson ratios [2, 61, 5, 6],
and high stiffness-to-weight ratios [8, 7], the symmetries responsible for these properties
have not been formalized in the manner done within other areas of physics. Consequently,
the current literature is unable to provide intuitive reasoning for the relationship between
a crease pattern and the resulting mechanical response so that new crease patterns must be
designed via creative ingenuity or brute-force computational algorithms [32].
In this thesis, I address this gap by exploring two broad classes of periodic origami
via symmetry arguments. First, I consider triangulations whose isometries approximate the
low-energy response of non-triangulated crease patterns [3, 13]. I show that these triangula-
2
tions exhibit a hidden symmetry which couples the left and right null spaces of the compat-
ibility matrix, thereby leading to a two-dimensional space of degenerate ground states and
unique topological properties. Second, I consider crease patterns whose unit cells are com-
posed of four parallelogram faces which generalizes several well-known crease patterns
[2, 61, 5, 6]. I show that this family of crease patterns exhibits a discrete symmetry that
decomposes the compatibility matrix into symmetric and antisymmetric sectors, thereby
constraining the linear response so that there always exists a single negative Poisson ratio
mode. These efforts are not meant to be all inclusive but instead to provide a formalism
that can be applied to classify crease patterns by the properties of their compatibility matrix
and hence, develop intuition for their mechanical response.
The contents of this thesis are as follows. In chapter 2, I review the theory of rigid-
ity in the context of frames to provide simple examples of the tools that I apply for the
study of origami. In chapter 3, I introduce the geometric compatibility conditions for rigid
origami and explore the implications of the hidden symmetry for periodic triangulations.
In chapter 4, I introduce compatibility constraints on the linear isometries of parallelogram
origami and explore the implications of the discrete symmetry for the particular case with
four faces. In chapter 5, I review the progress made on triangulations and parallelograms
and discuss the extension to future work.
3
CHAPTER 2
A REVIEW ON THE RIGIDITY OF FRAMES
The theory of rigidity concerns the ability of mechanical structures to support external
loads or be deformed. While seemingly elementary, the general practices of this field apply
to a vast number of systems and provide insight to many physical phenomenon including
jamming [62, 63] and rigidity percolation [64, 65, 66]. My treatment of origami as rigid
origami is one particular example. Here, I review the rigidity of frames composed of masses
connected by harmonic springs to develop intuition for the analysis of origami. I focus
on the aspects which directly parallel to the forthcoming analysis and omit many of the
generalizing features.
2.1 The rigidity of free frames
Frames are consider free if they have open boundaries such as the classical example of
a truss. Despite these open boundaries, such free frames can be rigid due to constraints
on their edges. Here, I discuss the existence of such modes at first (subsection 2.1.1) and
second (subsection 2.1.2) order in the vertex displacements as well as the implications of
force-bearing modes (subsection 2.1.3) and symmetries (subsection 2.1.4).
2.1.1 Linear zero modes
A frame is first-order rigid if there are no infinitesimal displacements of the vertices which
preserve the edge lengths to first order. Indexing each vertex by the lowercase Latin letters,
i, and each edge as the pair of vertices which it connects, (i, j), the edge vector is
r(i,j) = rj − ri. (2.1)
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For an infinitesimal displacement of the vertices, ri → ri + εui, where ε  1, this vector
is generically extended or compressed by the amount
e(i,j) = r̂(i,j) · (uj − ui) +O(ε2). (2.2)
For a frame with V vertices and E edges in d-dimensions, the array of all edge extensions,
e =
(
. . . e(i,j) . . .
)
, is given by a linear map from the array of all vertex displacements,
U =
(
. . .ui . . .
)
, call the rigidity matrix
e = RU. (2.3)
Note, the array of vertex displacements contains d components for each vertex. This rigidity
matrix has dV rows and E columns so that it generically has a dV − E-dimensional null
space spanned by the linear zero modes: vertex displacements that do not stretch any bonds.
However, this null space includes the d(d+1)/2 global symmetries of the embedding space.
This counting argument dates back to Maxwell [67], though requires modification when the
rigidity matrix is not full rank as I discuss in subsection 2.1.3.
For example, consider the triangular and quadrilateral frames embedded in the two-
dimensional Euclidean plane Figure 2.1(a) and (c). The triangle consists of three sites and
three bonds yielding a total of six degrees of freedom and three constraints. These three
remaining degrees of freedom correspond to the two rigid translations and one rigid rotation
of the Euclidean plane so that the triangle is rigid, also called isostatic. In contrast, the
quadrilateral frame consists of four sites and four bonds yielding a total of eight degrees
of freedom and four constraints. Of these remaining four degrees of freedom, there is
one non-trivial linear zero mode that corresponds to shearing the quadrilateral frame an
infinitesimal amount. I discuss in section 2.2 the extension to periodic frames that is more
relevant to the study of periodic origami.
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Figure 2.1: Examples of free frames. (a) A triangle in the Euclidean plane has three ver-
tices, each with two degrees of freedom, and three edges for a total of 6 − 3 = 3 degrees
of freedom. These remaining 3 degrees of freedom are the two Euclidean translations and
one Euclidean rotation so that the triangle has no linear zero modes. (b) A triangle in the
Euclidean plane with all of its edges parallel has degenerate to first order so that it exhibits
a linear zero mode but always extends the edges to second order so that it is second-order
rigid. (c) A quadrilateral in the Euclidean plane has four vertices, each with two degrees of
freedom, and four edges for a total of 8 − 4 = 4 degrees of freedom. These remaining 4
degrees of freedom correspond to the three Euclidean symmetries mentioned in (a) along
with one linear zero mode that corresponds to shearing the quadrilateral.
2.1.2 Second-order rigidity
The existence of linear zero modes implies a frame is not first-order rigid however, it does
not imply the frame is not rigid. This is because there may be a degeneracy in the first-
order constraints so that they are trivially satisfied while higher-order constraints rigidify
the frame [68]. Expanding the edge lengths to second-order in the vertex displacements
and denoting the second-order contribution to these displacements as u̇ yields
e(i,j) = r̂(i,j) · (u̇j − u̇i) + (uj − ui) · (uj − ui) +O(ε3), (2.4)
where it is assumed the ui are linear zero modes so that the first-order extensions vanish.
This can be interpreted as a constraint on the linear combinations of linear zero modes,
U =
∑
µ λµUµ, to ensure the existence of quadratic zero modes.
For example, consider the triangular frame in the flattened state as well as the quadri-
lateral frame embedded in the two-dimensional Euclidean plane as shown in Figure 2.1(b)
and (c). The bonds of the triangular frame are aligned so that any vertex displacement
orthogonal to this line is a linear zero mode. However, this always yields an extension at
6
second-order so that this particular configuration of the triangular frame is second-order
rigid. In contrast, the one linear zero mode of the quadrilateral frame generically exhibits
a second-order correction so that it is not second-order rigid. In fact, quadrilateral frames
generically exhibit finite mechanisms which transform them nonlinearly throughout the
embedding space [69, 70], a feature similar to four-coordinated origami vertices that is
exploited in chapter 4. For less simplified systems where there exist multiple linear zero
modes, these second-order constraints can lead to bifurcations in the configuration space
as shown in section 3.3 for periodically triangulated origami.
2.1.3 States of self stress
The counting of linear zero modes by Maxwell assumes that the rigidity matrix is full rank.
However, this is not always the case. Importantly, the left null space of the rigidity matrix
is physically meaningful as it is spanned by the states of self stress: assignments of tension
that maintain equilibrium in the frame [71]. Assuming the edges function as harmonic





where the sum is taken over all vertices j′ connected to vertex i. Similarly to the construc-
tion of the rigidity matrix, the array of net forces on each vertex F =
(
. . . fi . . .
)
is given
by a linear map on the array of edge tensions t =
(




F = Qt, (2.6)
whose null space is spanned by the states of self stress. Note, similar to the array of vertex
displacements, the array of net forces contains d elements for force. By inspection, this
equilibrium matrix is exactly the transpose of the rigidity matrix, Q = RT , (a feature
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Figure 2.2: Example of a symmetric frame. (a) Two quadrilateral frames where one has
additional cross beams. This frame has a reflection symmetry indicated by σ so its linear
zero modes and states of self stress must be symmetric or antisymmetric under this sym-
metry. (b) This frame exhibits a state of self stress where edges in the left quadrilateral
have tension assignments (indicated by red) with the opposite sign of those assigned to the
cross beams (indicated by blue) which is symmetric under the reflection σ. This frame also
exhibits a linear zero mode where the right quadrilateral shears which is antisymmetric un-
der the reflection σ. The existence of these force-bearing and zero modes follows from the
static-kinematic duality that yields the Maxwell-Calladine index theorem.
referred to as the static-kinematic duality [72, 73]) so that the existence of states of self
stress increases the number of linear zero modes as exhibited by the Maxwell-Calladine
index theorem
NZM −NSS = dV − E, (2.7)
where NZM and NSS respectively refer to the number of zero modes and number of states
of self stress [71].
For example, consider the connected quadrilateral frames shown in Figure 2.2(a) where
one has two cross beams. This frame has six vertices and nine edges so that there are only
three remaining degrees of freedom which correspond to the three continuous symmetries
of the Euclidean plane. However, the existence of the cross beams allows the left quadrilat-
eral to support external loads, thereby generating a state of self stress where the cross beams
and the edges in the left quadrilateral have tension assignments of opposite sign. Hence,
there exists a single linear zero mode that corresponds to the shearing of the quadrilateral
on the right. The existence of such states of self stress takes a more significant role for
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periodic frames in section 2.2 where they explain the ability of frames with equal numbers
of constraints and degrees of freedom to deform by changing their periodicity. Moreover,
the equilibrium condition on these states of self stress is, in fact, identical to the linear con-
straint on triangulated origami as shown in chapter 3 and gives rise to a connection between
the rigidy body modes of origami to its linear isometries.
2.1.4 Discrete symmetries
Discrete symmetries provide an alternative, and more informative, analysis of the frame in
Figure 2.2(a) than that in subsection 2.1.3. Clearly, this frame has a reflection symmetry, as
indicated by σ, that can be used to block-diagonalize the rigidity and equilibrium matrices
[74, 75]. Each block then exhibits its own counting argument where the zero modes and
states of self stress of a particular block are equisymmetric to the constraints and degrees of
freedom of that block [76, 77]. I demonstrate this with a lack of rigour simply to emphasize
the role of discrete symmetries on the linear response of mechanical systems.
For example, this frame is invariant under the group composed of the identity element,
E, and the reflection element, σ, so that the counting should be performed in the irreducible
representations A = (E, σ) and A′ = (E,−σ). For the degrees of freedom, there are 12
total, none of which are invariant under the reflection while there are 3 continuous symme-
tries, one of which is invariant under the reflection so that there are 5A + 4A′ remaining
degrees of freedom. For the constraints, there are 9 total, 3 of which are invariant under the
reflection for a total of 6A + 3A′ constraints. Thus, the difference between the number of
linear zero modes and states of self stress is −A + A′, indicating there is one symmetric
state of self stress and one antisymmetric linear zero mode. Moreover, these symmetries
can also be used to guarantee the modes extend beyond first order [78]. This ability to
decompose linear operators into blocks corresponding to particular symmetries is vital to
the analysis of the four-parallelogram origami in chapter 4.
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2.2 The rigidity of periodic frames
Often, it is convenient to consider the bulk response of a material by imposing periodic
boundary conditions. There has recently been extensive interest in the study of such peri-
odic frames due to a generalization of Bloch-waves that leads to a correspondence between
analysis of the bulk and boundary modes [79, 73, 72]. Here, I discuss uniform and nonuni-
form modes in periodic frames along with the conditions for topologically protected modes.
2.2.1 Uniform modes in periodic frames
A frame embedded in Euclidean space extends to a periodic frame by making an association
between opposite sides e.g. edges emanating from the right of the frame are associated
with those entering the left of the frame. Such a frame can be described by the unit cell of
minimal vertices and edges that are repeated along with the lattice vectors, `µ, that translate
one cell to its neighbor as shown in Figure 2.3(a). This association means periodic frames
in the Euclidean plane are topologically equivalent a torus hence, their number of vertices,
edges, and faces are related by the Euler characteristic
χ = V − E + F, (2.8)
which vanishes, χ = 0, for tori. The primary interest here is in frames that are the peri-
odic equivalent of isostatic (called Maxwell) where, in two dimensions, E = 2V so that
there are equal numbers of constraints and degrees of freedom and, by Euler’s formula in
Equation 2.8, there are F = V faces.
Regardless of whether a periodic frame is Maxwell, the uniform linear zero modes lie
in the null space of the quotiented rigidity matrix that maps the displacement of vertices in
the unit cell to the extensions of edges in the unit cell. Importantly, the lattice vectors indi-
cate continuous translational symmetries that correspond to linear zero modes in periodic
frames. However, the number of such lattice vectors is less than the number of possible
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Figure 2.3: The kagome lattice as an example of a periodic frame. (a) The untwisted
kagome lattice is composed of triangles and hence, can support external stresses so that
despite being critically coordinated it exhibits deformations that correspond to changes in
its periodicity. (b) The kagome lattice can be topologically polarized so that one side has
exponentially localized floppy modes while the other is stiff.
loads the frame could resolve; for example, in the Euclidean plane there are the two uni-
axial stresses in addition to shear stress. Thus, Maxwell frames that can support external
loads exhibit more states of self stress and hence, by the Maxwell-Calladine index theorem,
must possess an additional linear zero mode [80]. Such linear zero modes correspond to
changes in the periodicity [81] and are often referred to as the Guest-Hutchinson modes.
This relationship is crucial to the investigation of Maxwell origami in chapter 3 with the
distinction the left null space of the compatibility matrix is instead spanned by the rigid
body modes.
2.2.2 Nonuniform modes in periodic frames
More generally, the linear zero modes and states of self stress in periodic frames are nonuni-
form. However, the periodicity implies that they must be described by generalized Bloch
factors











where n = (n1, n2) specifies the cell of the frame and zµ = expiqµ are the Bloch factors
[82] with generically complex wavenumbers qµ. Similar to the study of electromagnetic
waves, the real part of this wavenumber corresponds to sinusoidally varying deformations
while the complex part corresponds to evanescent waves that are exponentially localized.
In this case, the formula for edge extensions (vertex forces) include a factor of zµ for
every vertex (edge) that belongs to a cell in the nµ direction. Thus, the rigidity and equi-
librium matrices are wavenumber dependent (a feature that arises by taking the Fourier
transform of the matrix defined over the entire frame and noting that the modes belong to
orthogonal sectors). However, by inspection these wavenumber dependencies are opposite
and the Maxwell-Calladine index theorem becomes [73, 72]
NZM(q)−NSS(−q) = dV − E. (2.11)
Importantly, this means linear zero modes exponentially localied to one edge are paired
with states of self stress exponentially localized to the opposite edge; an intuitive feature
that means when one side of the frame is floppy, the other side is generically stiff as shown
in Figure 2.3(b).
The existence of a linear zero mode or a state of self stress at a particular wave number
means that the determinant of the, respectively, rigidity or equilibrium matrix must vanish
at this wavenumber. This determinant is generically a complex number and hence, it can
be described by an amplitude and a phase. By the Cauchy residue theorem, the integral
of this phase over Bloch factors of unit magnitude counts the difference in the number of
zeroes with Bloch factors that have less than and greater than unit magnitude. The cor-
responding wavenumbers respectively have positive and negative imaginary components,
k = Imq, indicating that they are exponentially localized on opposite sides. This yields
the topological index, called the winding number, that determines e.g. the difference in the
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Im ln det R(q), (2.12)
where the wavenumber in the transverse direction is held fixed and the integral is taken
over a closed loop in the Brillouin zone: the 2π periodic space of real-valued wavenumbers
which is isomorphic to a torus. Such topological invariants have been used to predict
topological polarization in a number of mechanical systems at the Maxwell point [79,
70, 83, 84, 85] however, in a numerical study the winding number was found to always
vanish for periodically triangulated origami [86]. I show in section 3.2 that this is due to
a hidden symmetry in origami that pairs exponentially localized modes on opposites sides
of the sheet so that Maxwell origami belongs to a different topological class than Maxwell
frames [88] which also includes spin magnets [89]. More generically, the winding number
is the first homotopy group of rigidity matrix where the nth homotopy group of a map
computes the number of times the n-sphere covers the map. This same homotopy theory
can be used to quantify the existence of topological defects in superfluid and nematic phases
by defining maps over the real space representation of the system [87], as opposed to the
reciprocal space for the present case given by the Brillouin zone, where for a d-dimensional
medium, a m-dimensional defect is classified by the d−m− 1 homotopy group.
2.3 Discussion
I have presented several aspects regarding the rigidity of frames as simpler examples of
tools that I later apply to rigid origami. In particular, I discussed the existence of linear zero
modes in frames as a consequence of excess degrees of freedom as well as a consequence
of the pairing with states of self stress. Next, I presented second-order conditions that
constrain these linear zero modes and permit a frame to be second-order rigid. Following,
I showed how discrete symmetries can constrain the properties of linear zero modes and
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states of self stress. Lastly, I reviewed recent work on topologically protected states.
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CHAPTER 3
TRIANGULATIONS AND ORIGAMI’S HIDDEN SYMMETRY
The onset of mechanical criticality, where the number of constraints in a system equals the
number of degrees of freedom, is associated with the jamming transition [63]. For poly-
hedra, this corresponds to a triangulation of the surface, which is known to be generically
rigid [90]. Here, I use a hidden symmetry connecting two different descriptions of lin-
ear zero modes to show periodically triangulated origami, called Maxwell origami, has a
two-dimensional space of rigidly-foldable, screw-periodic configurations and belongs to a
distinct topological class that requires edge modes to arise in pairs on opposite sides of the
sheet.
Triangulated origami is most conveniently parameterized by specifying the angles be-
tween crease-sharing faces, called fold angles (which are the complements of the dihedral
angles), constrained by compatibility conditions that ensure closed paths on the surface
do not rotate elements of the origami sheet relative to themselves [54, 55]. For periodic
origami, such compatibility conditions impose constraints on the periodicity, whose ver-
tices are not generically spatially periodic but instead screw-periodic so that the orientation
of edges and faces are rotated between cells, and the origami sheet approximates a cylindri-
cal surface [91]. Infinitesimal changes to these fold angles are identical to the equilibrium
condition for assignments of tensions to a frame composed of the same edges [90, 92] so
that, in addition to the mechanical criticality of Maxwell origami, there is a self-duality.
Here, I investigate the properties of this combined criticality and duality as done in my
PNAS [93]. I modify the Maxwell-Calladine index theorem to pair zero modes described
by changes in the vertex position with those described by changes in the fold angles, thereby
revealing the existence of a uniform, linear folding zero mode for every rigid body mode
and the fact that exponentially localized edge modes arise in pairs localized to opposite
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sides of the sheet. These two features explain the two-dimensional space of rigidly fold-
able cylindrical configurations predicted by Tachi [91] along with the lack of topological
polarization observed in a numerical study Chen et al [86]. Furthermore, I show that simi-
lar to developable vertices [94], spatially periodic origami sheets branch between upwards
and downwards folded configuration spaces.
The content of this chapter, which is based on my publication [93], is organized as
follows. In section 3.1, I introduce the vertex compatibility condition and discuss the
consequent screw periodicity of origami. In section 3.2, I examine constraints on the
infinitesimal changes to the fold angles and discuss the existence of such folding motions
that are compatible with the crease pattern along with their implications, including the
topological properties of Maxwell origami. In section 3.3, I derive constraints on the first-
order folding motions that determine when they extend to second order and hence, can
branch the configuration space. In section 3.4, I numerically confirm the analysis of the
previous sections by constructing a two-dimensional space of rigidly foldable cylindrical
configurations that branches from the spatially-periodic configuration. In section 3.5, I
summarize the results of this section and discuss avenues for further work.
3.1 Compatibility and screw-periodic vertices
Similar to the way that the fixed edge lengths determine the admissible vertex positions
in a rigid frame, the fixed interior angles, called sector angles, determine the admissible
fold angles in a rigid origami sheet. Arbitrary paths in the sheet are composed of rotations
across faces and about edges so that the orthonormal frame of an observer is transformed
as they move along the sheet. However, these rotations must vanish over any closed path
so that no element of the sheet is rotated relative to itself. This yields the rigid origami
compatibility condition first introduced by belcastro and Hull [55] that extends to intercel-
lular compatibility conditions restricting periodic assignments of sector and fold angles to
yield cylindrical sections as first shown by Tachi [91]. Here, I review these arguments in
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Figure 3.1: Vertices are denoted via their lowercase Latin index, edges are denoted by the
pairs of vertices they adjoin, and faces are denoted by the triplet of vertices they bound.
The angle between edges (i, j) and (i, k), called the sector angle, is denoted α(i,j,k) and the
fold angle between faces (i, j, l) and (i, j, k) is denoted ρ(i,j).
subsection 3.1.1 and subsection 3.1.2 respectively.
First, let me introduce the notation shown in Figure 3.1. I denote individual vertices
via their lowercase Latin index, edges by the pairs of vertices they adjoin, and faces by the
triplet of vertices they bound. The angle between edges (i, j) and (i, k), called the sector
angle, is denoted α(i,j,k) and the fold angle between faces (i, j, l) and (i, j, k) is denoted
ρ(i,j).
3.1.1 Vertex compatibility
Consider the closed path around a particular vertex and the resulting transformations on
the direction of edge (i, j1) and face normal (i, j1, j2). The edges are successively rotated
about the normal vector of each face while the face normals are successively rotated about
each edge. Since the faces are not necessarily co-planar, the corresponding rotation axes
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have a complicated, implicit dependence on the sector angles and fold angles. Still, each
of these rotations can be written in the initial frame by using an appropriate similarity
transformation, thereby yielding a closed-form constraint on the admissible fold angles.
This similarity transformation is obtained via the rotation between adjacent frames.
Without loss of generality, consider the transformation from the frame at edge (i, j1) and
face (i, j1, j2) to that at edge (i, j2) and face (i, j2, j3)
P(i,j1,j2) ≡ Rn̂(i,j1,j2)(α(i,j1,j2))Rr̂(i,j1)(ρ(i,j2)), (3.1)
r̂(i,j2) = P(i,j1,j2)r̂(i,j1), (3.2)
n̂(i,j2,j3) = P(i,j1,j2)n̂(i,j1,j2). (3.3)
This similarity transformation functions by folding the crease of the new frame in the basis
of the previous frame before rotating the crease to its target location. Importantly, this
feature can be used to write rotations in the second frame as similarity transformations of









Thus, because the starting point (i, j1) was arbitrary, such similarity transformations exist
for every component of the closed loop.
Consequently, the vertex compatibility condition can be written as the product of ro-
tations computed within a single frame. In particular, take the frame where edge (i, j1) is
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aligned with the x-axis and face normal (i, j1, j2) is aligned with the z-axis to yield
∏
j′,k′
Rẑ(α(i,j′,k′))Rx̂(ρ(i,k′)) = 1, (3.6)
where the product is taken in counterclockwise order over every vertex j′ connected to
vertex iwith k′ immediately following j′. The fold angles that satisfy this condition at every
vertex in an origami sheet specify the rigidly foldable configurations which correspond to
a surface of degenerate ground states. However, such solutions are difficult to determine;
instead I show in section 3.2 that a hidden symmetry guarantees the existence of linear
modes for Maxwell origami and use second-order conditions in section 3.3 along with
numerics in section 3.4 to show this surface is two-dimensional.
3.1.2 Periodic angles and screw-periodicity
The vertex compatibility condition in Equation 3.6 ensures that elements of the origami
sheet do not rotate relative to theirselves on a closed path around a particular vertex. Since
this must hold at every vertex in the origami sheet, the same must be true for arbitrary loops
composed of several vertices. This yields compatibility conditions on the generators of the
periodic sheet which, in contrast to the spatially-periodic frames, consist of lattice rotations
in addition to lattice vectors.
Consider an origami sheet satisfying the vertex compatibility condition everywhere.
The position of a vertex is translated by the lattice vectors defined as the sum of the edges
along any path connecting the vertices












µ = 1) = Sµr(i,j)(n
µ = 0),
n̂(i,j,k)(n
µ = 1) = Sµr(i,j,k)(n
µ = 0).
(3.8)
The periodicity of the sector and fold angles imposes constraints on the these lattice vectors
and lattice rotations ensuring positions and orientations are path independent.
First, note that the periodicity ensures that the lattice rotations are identical in every cell
and that the lattice vectors can only change by a lattice rotation. Thus, two paths connecting
cell n = (0, 0) to cell n = (1, 1) – traveling first through n = (1, 0) versus n = (0, 1) –
yield the position and orientation compatibility conditions
`1 + S1`2 = `2 + S2`1, (3.9)
S1S2 = S2S1. (3.10)
The orientation compatibility condition in Equation 3.10 is generically satisfied when the
two lattice rotations are about a common axis, here denoted ŝ, so that position compatibility
reduces to a two-dimensional constraint on the components of the lattice vectors transverse
to the lattice rotation axis.
This position compatibility condition ensures that transverse components of the lattice
vectors, when treated as geometric chords, define a unique radius of curvature. Since the
lattice vectors are rotated by an angle θµ between cells, the lattice vectors in adjacent cells
subtend an angle θµ when projected into the plane with normal vector ŝ. This means that
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where the superscript ⊥ denotes the transverse component. The transverse components
of Equation 3.9 are invertible, thereby defining the transverse components of one lattice








which ensures Equation 3.11 is independent of the choice of lattice direction, κ1 = κ2.
Thus, the compatibility conditions ensure origami sheets with periodic angle assign-
ments have a unique rotation axis and a unique radius of curvature. Such a sheet approx-
imates a section of a cylinder (and for a tessellation, one that intersects itself an infinite
number of times) such as that shown in Figure 3.2, though it does not necessarily yield a
closed cylinder such as the origami bellows [95, 96]. The two resulting cylindrical symme-
tries are crucial to the analytical arguments in section 3.2 and section 3.3 for the existence
of first-order and second-order folding motions respectively. Lastly, while the lattice ro-
tations are independent of how the unit cell is defined, the lattice vectors are generically
different when defined from a different vertex due to the effective thickness of the corru-
gated origami sheet; a feature that is used in chapter 4.
3.2 Linear modes and the hidden symmetry
The compatibility condition in Equation 3.6 is difficult to make any analytical statements
about. Similar to the rigidity of frames, it is easier to consider whether there exist any
infinitesimal perturbations to the fold angles that satisfy vertex compatibility to first order.
Such first-order folding motions map to non-uniform vertex displacements and, due to
a self-duality unique for triangulations, are isomorphic to states of self stress which are
21
Figure 3.2: Periodic angle assignments generically lead to screw-periodic vertex positions
that are characterized by a unique rotation axis and a unique radius of curvature. The
consequence is that vectors on the sheet rotate between cells as indicated by the four frames.
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paired with vertex zero modes via the Maxwell-Calladine index theorem. This leads to the
hidden symmetry of Maxwell origami that pairs uniform first-order folding motions with
rigid body modes and also pairs nonuniform modes which are exponentially localized on
opposite edges. Here, I expand the vertex compatibility condition to first order in changes
to the fold angles as done by Tachi [97], yielding the intuitive, linear constraint equivalent
to the equilibrium condition on frames, as explored separately by Gluck [90] and Crapo and
Whiteley [92]. I then map between zero modes described by changes in the fold angles
to zero modes described by changes in the vertex positions, thereby revealing the hidden
symmetry introduced in my PNAS [93] and explaining the lack of topological polarization
in Maxwell origami observed numerically by Chen et al [86].
3.2.1 First-order folding motions
Consider an infinitesimal change to the fold angles denoted by ρ(i,j) → ρ(i,j) + εφ(i,j) for
ε  1. These first-order folding motions cannot rotate elements of the rigid origami sheet
relative themselves without deforming the panels, thereby constraining the allowed folding
motions. Naturally, such a constraint may be immediately written as the requirement that
the sum of the induced generators of rotation vanish on closed paths. For completeness, I
show that this result is indeed obtained by expansion of the vertex compatibility condition
Equation 3.6.

















where σ(1)x̂ is the generator of rotations about the x-axis, the outer sum is taken over all
edges emanating from vertex i, and the first (second) product is taken from (up to) edge
(i, j′′). Recall that these products are exactly the similarity transformations that map a
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frame at edge (i, j1) to one at (i, j′′) and moreover, by the vertex compatibility condition
they must be the inverse of one another. Hence, this condition is equivalent to the sum
of the generators of rotation about each edge emanating from vertex i. Thus, because the
generators of rotation are skew-symmetric, this is equivalent to the vector condition
∑
j′
φ(i,j′)r̂(i,j′) = 0, (3.14)
as expected.
These linear vertex compatibility conditions can be concatenated to compose the lin-
ear compatibility matrix, C, whose null space is spanned by the first-order folding mo-
tions concatenated as φ. Similar to the nonuniform modes of periodic frames in subsec-
tion 2.2.2, the first-order folding motions are z-periodic due to a generalization of Bloch
waves [82] where changes in the fold angles on creases that connect two cells carry fac-
tors of zµ = expiqµ for wavenumber qµ so that the compatibility matrix is wavenumber-
dependent, C(q), and its determinant vanishes at wavenumbers for which zero modes exist.
First-order folding motions for which q = (0, 0) are called uniform while those for which
q 6= (0, 0) are called nonuniform.
The first-order folding motions induce changes to the periodicity of the origami sheet.
In particular, starting from a spatially periodic sheet, the first-order intercellular compati-
bility conditions are
Ω1 × `2 = Ω2 × `1, (3.15)
Ω1 ×Ω2 = Ω2 ×Ω1, (3.16)
where Ωµ is the lattice angular velocity that determines the amount the first-order folding
motion rotates adjacent cells relative to one another. Importantly, the expansion of the po-
sition compatibility condition constraints the lattice angular velocities to lie in the plane of
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the sheet spanned by the two lattice vectors. This indicates the expansion of the orienta-
tion compatibility condition is effectively one dimensional. The fact that this condition is
trivially satisfied to first order is indicative of the branching discussed in section 3.3.
In contrast, this condition is non-degenerate for screw-periodic sheets. Rather than
expand the position and orientation compatibility conditions from a generic configuration,
it is more instructive to consider the effect of a linear mode on the rotation axis. The new
rotation axis must satisfy
S′µŝ
′
µ = (1 + Ω
×
µ )Sµ(ŝ+ δŝµ) = ŝ
′
µ, (3.17)
where Ω×µ is the skew-symmetric generator of rotations corresponds to the lattice angu-
lar velocity. Since ŝ is a unit vector, any changes must be rotations of the vector allowing
us to consider only the transverse components. In this case, we find at first order
(1− S⊥µ )δŝ⊥µ = (Ω×µ ŝ)⊥, (3.18)
and, notably, the transverse components of the lattice angular velocity satisfies an identical
relation to the transverse components of the lattice vectors due to the path independence of
Equation 3.24
δŝ⊥1,2 = (1− S⊥1,2)−1(Ω1,2 × ŝ)⊥, (3.19)
is identical in both lattice directions. Thus, screw-periodic sheets stay screw-periodic; a
feature that guarantees first-order folding motions extend to second order as discussed in
??.
3.2.2 Isomorphism and self-duality
The linear vertex compatibility condition in Equation 3.14 is identical to that for states of
self stress in a frame with the same edges. Importantly, this frame is indistinguishable
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from the origami because the triangular faces are isostatic so that there is an isomorphism
between the first-order folding motions of the origami and the states of self stress of the
frame
φ(i,j) ↔ t(i,j). (3.20)
This self-duality is nontrivial: for non-triangular faces, such as quadrilaterals, the first-
order folding motions are instead isomorphic to states of self stress in a different system,
namely one that swaps every block with a hole [98].
Thus, the Maxwell-Calladine index theorem that relates the number of zero modes to
the number of states of self stress in a frame can be replaced with an index theorem that
relates the number of zero modes described by vertex displacements (VZM) to the number
of those described by folding motions (FZM). Moreover, since triangulated origami is at
the Maxwell point it has equal numbers of constraints and degrees of freedom so that this
is an exact equality
NV ZM(q) = NFZM(−q). (3.21)
This relationship has two distinct cases: the first for uniform modes when q = 0 and the
vertex zero modes cannot be mapped to folding zero modes and the second for nonuniform
modes when q 6= 0 and the vertex zero modes can be mapped to folding zero modes.
The immediate consequence of the former is that there is a uniform, first-order folding
motion for every rigid body mode of the system which is 2 in generic, screw-periodic
configurations and 3 in non-generic, spatially-periodic configurations
screw-periodic: NFZM = 2, (3.22)
spatially-periodic: NFZM = 3. (3.23)
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The discrepancy between the number of first-order folding motions arises due to symme-
try breaking from the spatially-periodic configuration and is resolved in section 3.3 via
quadratic compatibility constraints. The consequence of Equation 3.21 for nonuniform
modes is explored in subsection 3.2.4 after explicitly mapping between vertex and folding
zero modes in subsection 3.2.3.
3.2.3 Mapping between vertex and folding zero modes
Changes in the fold angles generate rotations of the origami faces, thereby displacing ver-
tices as shown in Figure 3.3. Importantly, the linear compatibility condition Equation 3.14
ensures that these rotations and displacements are well-defined. Moreover, these nonuni-
form displacements can be inverted, up to global translations and rotations, to determine
changes in the fold angles so that the pairing of nonuniform vertex zero modes and nonuni-
form folding zero modes in Equation 3.21 in fact pairs zero modes (of either type) at
opposite wavenumbers. Thus, screw-periodic sheets stay screw-periodic; a feature that
guarantees first-order folding motions extend to second order as discussed in ??.
The rotations generated by a first-order folding motion are described by an angular
velocity field defined on the faces whose gradients are localized to creases




where the sum is taken over any path from face (i0, j0, k0) to face (i, j, k), and these faces
may generically be in distinct cells. These angular velocity gradients correspond to rota-
tions of faces about shared creases, thereby displacing vertices







where the sum is again taken over any path connecting the two vertices i and i0, which
similarly may be in distinct cells. This formula for the vertex displacement implicitly
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Figure 3.3: First-order folding motions, φ(i,j), generate rotations characterized by the an-
gular velocity field, ω(i,j,k), defined in Equation 3.24, thereby displacing vertices by ui
according to Equation 3.25.
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contains a double sum which means that vertex displacements accumulate nonlinearly (in
the cell index) across the sheet as shown in Figure 3.3; a hallmark of two-dimensional
origami curving in three-dimensional space.
Similarly, vertex displacements that do not stretch any edges can be inverted to deter-
mine changes in the fold angles. This is because two face-sharing edges, r(i,j), r(i,k), and











where δ denotes the infinitesimal change as computed by the vertex displacements in Equa-
tion 3.25 and ω×(i,j,k) is the skew-symmetric matrix representing the angular velocity. The
matrix of the initial edge vectors and the normal vector is generically invertible to yield the
angular velocity. Hence, this process can be repeatedly applied to determine changes in the
fold angles that correspond to a set of nonuniform vertex displacements.
The connection between zero modes described by changes in the fold angles and changes
in the vertex positions described by Equation 3.25 and Equation 3.26 indicate first-order
folding motions are paired with vertex zero modes. Moreover, these connections arise at
the same wavenumber so that Equation 3.21 becomes
NV ZM(q) = NV ZM(−q), (3.27)
which is the hidden symmetry of Maxwell origami: independent of any spatial symmetries,
zero modes appear in pairs at opposite wavenumber. This hidden symmetry has conse-
quences for the topological classification of the compatibility matrix for Maxwell origami
which I discuss in subsection 3.2.4.
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3.2.4 Hidden symmetry and topological classification
In addition to the pairing of zero modes at opposite wavenumber, they must also appear
in complex-conjugate pairs since these wavenumbers are the roots of the determinant of
the compatibility matrix. These two facts imply that for a real-valued wavenumber in one
direction there are zero modes whose wavenumbers in the transverse direction have imag-
inary parts that are equal and opposite. Zero modes with complex-valued wavevectors is a
hallmark of topological polarization and this feature explains the absence of such topolog-
ical polarization observed in Maxwell origami [86].










that vanishes for wavevectors at which zero modes exist and the integers m,n are bound
by the total number of edges connecting the unit cell to adjacent cells. Roots of such
polynomials generically arise in complex-conjugate pairs (in the Bloch factors) where the
complex part of the wavenumber, kµ = Imqµ, specifies the inverse decay length of the
mode. Hence, for every mode at z1, z2 there is a mode at z∗1 , z
∗
2 and equivalently, for every
mode at q, there is a mode at −q∗. Thus, by the hidden symmetry pairing modes at q and
−q, there is also a mode at q∗ so that for every mode exponentially localized on one side
of the sheet there is another mode exponentially localized to the opposite side as shown in
Figure 3.4.
As discussed in subsection 2.2.2, for generic compatibility matrices (such as the rigid-
ity matrix for frames), the existence of exponentially localized modes indicated by finite-
valued inverse decay rates is topologically protected by the winding number [79]. This
quantity is obtained by integrating the phase of the compatibility matrix over a direction
in the Brillouin zone. However, since Maxwell origami has such exponentially localized
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Figure 3.4: Zero modes generically arise at complex wavenumber, q, whose imaginary part,
k, specifies the inverse decay rate of the mode. These always arise in complex conjugates
q and−q∗ while for Maxwell origami the hidden symmetry implies they also arise in pairs
q and −q. Together, these facts imply zero modes are paired at q and q∗, so that exponen-
tially localized edges modes arise in pairs and Maxwell origami cannot be topologically
polarized.
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Det C > 0
Det C < 0











Figure 3.5: The hidden symmetry of Maxwell origami implies the determinant of its com-
patibility matrix is real-valued over the Brillouin zone indicating that its winding number
always vanishing and that it belongs to a unique topological class.
modes arise in pairs on opposite edges this winding number always vanishes, indicating
that the determinant of the compatibility matrix is real-valued as shown in Figure 3.5.
Such real-valued compatibility matrices fall in the special topological class predicted by
Roychowdhury and Lawler [88] that also includes spin magnets [89] as well as systems
with contrived symmetries [99]. I discuss future work towards understanding and utilizing
these unique topological properties in section 3.5.
3.3 Second-order conditions and branching
In order for first-order folding motions to generate the space of rigidly foldable configu-
rations there must exist second-order folding motions that ensure the vertex compatibility
condition is satisfied to second order as discussed in subsection 2.1.2. The existence of
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such second-order folding motions is characterized by a quadratic condition on the first-
order folding motions that branches the configuration space from the spatially-periodic
state into two two-dimensional surfaces distinguished by whether configurations fold up-
wards or downwards into a cylinder. While less intuitive than the linear vertex compatibility
condition, this quadratic compatibility condition relates the angular velocity generated by
second-order folding motions on the creases with the angular velocity generated by first-
order folding motions on the rotated creases, where this rotation is itself a function of the
first-order folding motions, similar to the condition for the second-order rigidity of frames
[68].
3.3.1 Second-order folding motions
Consider an infinitesimal change to the fold angles denoted by ρ(i,j) → ρ(i,j) + εφ(i,j) +
ε2ψ(i,j) where φ(i,j) satisfies the linear vertex compatibility condition in Equation 3.14. The
corresponding expansion of the vertex compatibility condition in Equation 3.6 to second
order in ε2 contains terms linear in ψ(i,j) and terms quadratic in φ(i,j). While the former
terms are equivalent to those in Equation 3.14 with the exchange of first-order folding





























where the superscript distinguishing between the first-order and second-order generators of
rotation (obtained by Taylor-expanding a rotation matrix about a rotation angle of zero) and
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they are defined about the (i, j) edges due to the similarity transformations in Equation 3.1.
Since the first-order generator is skew-symmetric, the diagonal components of the terms
quadratic in the first-order folding motions must vanish.










(i,k) − r̂(i,j) · r̂(i,k)δ
αβ, (3.31)
where δαβ is the Kronecker-delta function. Hence, the sum in Equation 3.29 over k′ > j′
































Thus, the diagonal components of the sum over k′ > j′ exactly cancel the sum over φ2(i,j′)
and Equation 3.29 is a skew-symmetric matrix condition.
The remaining off-diagonal terms are equivalent to the sum over cross products of the
edges, which take a form reminiscent of the formula for vertex displacements in Equa-
















with the distinction that the angular velocity defined by the interior sum is in respect to a
different starting point at each vertex. However, since the first-order folding motions satisfy
the linear compatibility condition, any constant rotation, ω(i,j,k) − ω(i0,j0,k0), vanishes in
the sum over j′. Thus, these cross products indeed correspond to the amount each edge
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φ(i,j′) ˙̂r(i,j′) = 0. (3.34)
Similar to the linear compatibility conditions, this can be written by defining a quadratic
compatibility matrix Ċ(φ) that is a function of the first-order folding motions to yield
Cψ + Ċ(φ)φ = 0. (3.35)
Moreover, the primary interest is to determine under what conditions do second-order fold-
ing motions exist rather than to determine the second-order folding motions explicitly. Such
conditions are shown in subsection 3.3.2 to be given by a homogeneous quadratic polyno-
mial in coefficients of the first-order folding motions, thereby distinguishing branches of
solutions due to the two roots of any quadratic.
3.3.2 Configuration space branching
The pairing of rigid body modes and uniform, first-order folding motions in subsec-
tion 3.2.2 yields a different number of first-order folding motions in spatially periodic (three
modes) and screw-periodic (two modes) configurations. This suggests that the three first-
order folding motions in the spatially periodic state do not generically admit second-order
folding motions to rigidly fold the origami sheet. Indeed, the quadratic compatibility con-
dition in Equation 3.35 only admits solutions to the second-order folding motions if the
first-order folding motions transform the spatially-periodic sheet in a screw-periodic man-
ner. While the analysis of subsection 3.1.2 indicates this is certainly a necessary condition,
it is also a sufficient condition because the left and right null spaces of the compatibility
matrix for Maxwell origami must have the same dimension.
Suppose indeed that the first-order folding motion, written as a linear combination of
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the three modes from the spatially periodic state, φ =
∑
µ λµφµ, rotates the edges in
a cylindrically symmetric manner. Then the infinitesimally deformed compatibility ma-
trix, C + Ċ(φ) exhibits a two-dimensional left null space spanned by the two cylindrical
symmetries. Let such a rigid body mode be written as a linear combination of the spatially-
periodic rigid body modes and some infinitesimal change u + δu. Hence, the transpose of




(u + δu) = O(ε3), (3.36)
so that by the mechanical criticality of Maxwell origami there must exist some second-




(φ+ψ) = O(ε3), (3.37)
showing that the requirement for the first-order folding motions to induce cylindrically
symmetric rotations of the edges is sufficient for the existence of second-order folding
motions.
It is more practical to note that projecting the three rigid body modes from the left onto
the quadratic compatibility condition in Equation 3.35 yields three independent sums over
each quadratic vertex compatibility condition in Equation 3.34. Naturally, the terms linear
in the second-order folding motions vanish because the rigid body modes are in the left
null space of the compatibility matrix. In contrast, this projection sums the terms quadratic
in the first-order folding motions at each vertex i. Since any constant angular velocity




φ(i,j′)φ(i,k′)r̂(i,j′) × r̂(i,k′) = Ω1 ×Ω2 = 0. (3.38)
Moreover, because intercellular position compatibility ensures that these lattice angular
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velocities are co-planar, this yields a single constraint on the first-order folding motion
coefficients, thus explaining the contraction from an apparent three-dimensional space of
first-order folding motions to a two-dimensional surface of rigidly foldable cylindrical con-
figurations. This branching is the periodic equivalent to that for developable vertices ex-
plored by Chen and Santangelo [94]. In contrast, since the first-order folding motions from
a screw-periodic configuration retain the screw periodicity, they generically extend to sec-
ond order.
3.4 Numerical confirmation of degenerate ground states
In this chapter, I have made analytical arguments in support of the argument by Tachi [91]
for Maxwell origami to have a two-dimensional space of rigidly foldable cylindrical config-
urations. Additionally, I have shown the existence of an additional first-order folding mo-
tion in spatially-periodic configurations that leads to branching of the configuration space
due to the sheet folding upwards or downwards into a cylinder. Here, I verify the exis-
tence of this two-dimensional configuration space numerically by considering the simplest,
nontrivial Maxwell origami unit cell: eight triangular faces.
I initialize such an origami sheet in a spatially-periodic configuration with arbitrarily
chosen sector and fold angles so that the vertices are not co-planar. I construct the compat-
ibility matrix defined by Equation 3.14 and numerically determine its null space, which
is indeed three dimensional. Then, I use the intercellular orientation compatibility con-
dition to determine which linear combinations of these first-order folding motions induce
cylindrically symmetric rotations of the edges. Finally, I evolve the sheet along such direc-
tions by stepping in the direction of a first-order folding motion and minimizing an energy
functional defined by violations of the vertex compatibility condition in Equation 3.6.
This sequence provides trajectories of fold angles for rigidly foldable configurations
that I then map to vertex positions, lattice vectors, and lattice rotations to reconstruct the









Figure 3.6: The two-dimensional space of rigidly foldable cylindrical configurations for
generic Maxwell origami projected onto the space of lattice vector strains. The color bar
indicates the radius of the cylindrical curvature where blue (red) correspond to downward
folded and upward folded cylindrical configurations that branch from the spatially periodic
configuration. The black arrows show the spatial embedding of the corresponding point in
configuration space and the one-dimensional lines through configuration space are obtained
by constraining two adjacent triangular faces (indicated by the yellow quadrilaterals) to fuse
together.
the twelve creases in the unit cell), I project each state into the three-dimensional space of
strains of the lattice vectors as shown in Figure 3.6..
3.5 Discussion
I have explored periodic origami sheets composed entirely of triangular faces called Maxwell
origami. I derived compatibility conditions on these sheets at first, second, and infinite
order. I showed that a hidden symmetry between the first-order folding motions pairs lin-
ear zero modes at opposite wavenumber and explored the consequences for uniform and
nonuniform modes. For uniform modes, this hidden symmetry implies the existence of a
two-dimensional space of degenerate ground states, where the sheet forms a section of a
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cylinder, that bifurcates from the spatially-periodic configuration due to symmetry break-
ing. For nonuniform modes, this hidden symmetry implies that exponentially localized
edge modes come in pairs on opposite sides of the sheet indicating that Maxwell origami
belongs to the topological class of materials with real-valued compatibility matrices.
The importance of this chapter is that triangulations have been shown to capture the
mechanical response of most crease patterns, even those with non-triangular faces. Thus,
the results for Maxwell origami serve as a foundation for all periodic crease patterns. In
particular, the topological classification of Maxwell origami warrants further investigation
to permit the robustness of topologically protected modes in the design of origami struc-
tures. This topological class exhibits Z2 invariants indicating modes could be exponentially
localized between the two phases as shown for a modified SSH model of the same topo-
logical class [99]. Since this class is largely unexplored, Maxwell origami serves as an
experimental model to understand to test and understand features of the class so that they
may be applied to similar systems when they are discovered.
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CHAPTER 4
DISCRETE SYMMETRIES AND THE FOUR-PARALLELOGRAM ORIGAMI
The analysis of Maxwell origami in chapter 3 implies that because every quadrilateral face
can be treated as two triangular faces with an additional constraint, crease patterns with
two or more quadrilateral faces are generically rigid. However, as discussed in subsec-
tion 2.1.4, discrete symmetries can render these constraints redundant. Indeed, a number
of quadrilateral-based crease patterns are known to rigidly fold [100, 101, 60, 102], with
several exhibiting negative Poisson ratios [2, 61, 5, 6]. Here, I show that these negative
Poisson ratio crease patterns belong to a broader family whose discrete symmetry divides
the linear compatibility matrix into symmetric and antisymmetric sectors with opposite
generalized Poisson ratios, thereby ensuring there is always one auxetic mode.
In contrast to triangulations, quadrilateral-based origami crease patterns admit linear
isometries that bend faces, as can be captured by the triangulation of the quadrilateral
faces [3, 13]. This means such crease patterns always exhibit three linear isometries, inde-
pendent of any discrete symmetries, per the analysis of chapter 3. Unfortunately, triangulat-
ing these faces makes it difficult to determine and understand the role of such symmetries.
I address this issue by reformulating the compatibility conditions of chapter 3 so that the
linear isometries are described by scalar amplitudes on the vertices and faces. This reveals
an explicit permutation symmetry, or more specifically an antisymmetry, that characterizes
the linear compatibility matrix. As such, this matrix is divided into symmetric and anti-
symmetric sectors of modes that have distinct properties. Indeed, I show that the symmetry
of the mode determines its ability to generate strain or curvature: symmetric modes exhibit
purely in-plane strain while antisymmetric modes exhibit purely out-of-plane curvature.
Moreover, these deformations define in-plane and out-of-plane generalized lattice Poisson
ratios which are always equal and opposite, thereby generalizing the result of previous
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studies.
This chapter is based on a manuscript being prepared for submission as I write this
thesis and is organized as follows. In section 4.1, I present the four-parallelogram origami
family and parameterize its one-dimensional configuration space. In section 4.2, I construct
compatibility conditions on the linear deformations of parallelogram-based origami and
express these modes via eigenstates of the permutation symmetry in the four-parallelogram
family. In section 4.3, I map these modes to intercellular strains and curvatures to show
that the symmetric and antisymmetric eigenstates generate distinct mechanical responses,
emphasizing they have equal and opposite lattice Poisson ratios. In section 4.4, I summarize
this work and discuss potential for future investigations.
4.1 The four-parallelogram origami
While periodic origami with two or more quadrilateral faces is generically rigid per the
analysis of chapter 3, members of the four-parallelogram origami are known to rigidly fold.
Such rigid foldability arises from a degeneracy in the constraints due to the symmetry of
the vertices so that its configuration space is described by the rigid embeddings of a single
four-coordinated vertex [60]. Here, I introduce the four-parallelogram family of origami
crease patterns and parameterize their one-dimensional space of degenerate ground states.
Consider the four-parallelogram origami shown in Figure 4.1. The unit cell is composed
of four generic parallelogram faces, each with a sector angle αA in non-adjacent corners and
its supplement, π−αA, in adjacent corners. These faces share non-adjacent creases with the
same partner where the dihedral angles (the complement of the fold angle from chapter 3,
used here for the upcoming application of spherical trigonometry) are complements of one
another, γAi+2 = 2π − γAi , so that the sheet is spatially periodic. Lastly, in contrast to
triangular faces where the interior angles determine the edge lengths, there are four unique
edge lengths required to parameterize the four-parallelogram origami denoted by ri.
Pairs of non-adjacent edges define the lattice vectors `1 = r1 + r3, `2 = r2 + r4 which
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Figure 4.1: The four-parallelogram origami is a spatially-periodic origami sheet composed
of unit cells with four parallelogram faces. The sector angles of a face are identical, αA, in
non-adjacent corners and supplementary, π − αA, in adjacent corners. The dihedral angles
are complementary on parallel edges, γAi+2 = 2π − γAi , to enforce spatial periodicity. The
four unique edge directions, denoted ri, specify the two lattice vectors `1 = r1 + r3, `2 =
r2 +r4 which are generically not orthogonal and the angle between them varies as the sheet
rigidly folds along its one-dimensional configuration space.
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are not necessarily orthogonal to one another. However, the subspace of orthotropic four-
parallelogram origami is obtained by enforcing the one-dimensional constraint
`1 · `2 = r1r2 cosαA − r2r3 cosαB + r3r4 cosαC − r4r1 cosαD = 0, (4.1)
that importantly depends only on the static edge lengths and sector angles. Similarly, the
subspace of developable crease patterns is obtained by enforcing the one-dimensional con-
straint on the sector angles
αA + αB + αC + αD = 2π. (4.2)
Lastly, the orthotropic family of Morph patterns is obtained by requiring αA = αB and
αC = αD, which itself reduces to the developable Miura-ori for αC = 2π − αA and the
eggbox αC = αA. All of these crease patterns exhibit a one-dimensional space of rigidly
foldable, spatially-periodic configurations.
The rigid foldability of the four-parallelogram origami arises due to a degeneracy in the
constraints that, for origami composed of four generic quadrilateral faces, would otherwise
render the sheet rigid due to the analysis of chapter 3. Since each vertex has the same, up
to the supplement, sector angles and the same, up to the complement, dihedral angles the
solutions to the rigid embeddings at each vertex are mutually compatible. This indicates
the existence of a rigid mode comprised entirely of vertex folding. Moreover, this vertex
folding exhibits an explicit parameterization via spherical trigonometry, an equivalent but
more accessible constraint than the vertex compatibility condition Equation 3.6.
The directions of edges at an origami vertex project onto the unit sphere defining a
spherical quadrilateral whose interior angles are the dihedral angles and edges are great
circles subtending the corresponding sector angle as shown in Figure 4.2(a). A fifth great
circle segment can be used to triangulate the quadrilateral by connecting the corners with
interior angles either γ1 and γ3 or γ2 and γ4. Without loss of generality, let γ24 be the fifth
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Figure 4.2: (a) The embedding of a four-coordinated vertex projects onto the embedding
of a spherical quadrilateral whose sides are given by segments of great circles with angu-
lar length corresponding to the sector angles, αA, of the vertex and whose interior angles
are given by the dihedral angles of the edges. This spherical quadrilateral can be triangu-
lated by introducing a fifth great circle that divides the two interior angles, γ2 = β1 + β2,
γ2 = β3+β4, so that the dihedral angles can be parameterized using spherical trigonometry.
Depending on the assignment of sector angles, different sides of these spherical quadrilat-
erals are able to fully open (b) and fully close (c), thereby distinguishing connected and
disconnected configuration spaces.
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great circle segment that divides γ2 and γ4 and denote the interior angles summing to the
divided dihedral angles as γ2 = β1 + β2, γ2 = β3 + β4. The spherical laws of sine and
cosine relate these angles
cos γ24 = cosαA cosαD + sinαA sinαD cos γ1 = cosαB cosαC + sinαB sinαC cos γ3,
cos β2 =
cosαD − cos γ24 cosαA
sin γ24 sinαA
, cos β4 =




cosαC − cos γ24 cosαB
sin γ24 sinαC
, cos β4 =






















This permits the parameterization of γ3 in terms of γ1 or vice versa, noting there are always
two solutions because arccos is multivalued over the unit circle. This choice determines
the diagonal, γ24, which can then be used to compute the remaining interior angles βi and
sum them for the last two dihedral angles γ2, γ4. The arctan function determines the exact
quadrant these solutions lie in
γ2 = arctan
sin γ1 sinαD sinαA
cosαD − cos γ24 cosαA
+ arctan
sin γ1 sinαA sinαD
cosαA − cos γ24 cosαD
(4.5)
γ4 = arctan
sin γ3 sinαC sinαB
cosαC − cos γ24 cosαB
+ arctan
sin γ3 sinαB sinαC
cosαB − cos γ24 cosαC
. (4.6)
The key to the four-parallelogram origami is that adjacent vertices have supplementary
sector angles: applying this to the above solutions indeed reveals that when the dihedral
angles on shared edges are identical, the dihedral angles on parallel edges are complemen-
tary, thereby permitting rigid folding through spatially-periodic configurations.
In principle the choice to complete this parameterization by varying γ1 or γ3 is trivial
however, their domains are generically distinct. Indeed, the domain of arccos constrains
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Figure 4.3: The configuration space of the four-parallelogram origami is completely deter-
mined by that of one of its vertices. Such four-coordinated vertices have a one-dimensional
space of degenerate ground states, though depending on the sector angles this space map
be (a) connected or (b) disconnected.
the dihedral angles that yield real-valued diagonal
γ1 = 0 =⇒ γ24 = arccos
(
cosαA cosαD + sinαA sinαD
)
, (4.7)
γ1 = π =⇒ γ24 = arccos
(
cosαA cosαD − sinαA sinαD
)
. (4.8)
The same must hold for γ3 replacing αA → αB and αD → αC though γ24 is only real-
valued provided the arguments are over the interval [0, 1] implying one edge may open or





, γ24,max = min
(
|αA+αD|, |αB +αC |
)
, (4.9)
where the inner product |x| = min(x, 2π − x) is the geodesic length of the corresponding
great circle taking x to always be positive valued. Hence, there are two distinct cases:
the same sector angle pair determines both bounds or each sector angle pair determines a
single bound. In the former this corresponding dihedral angle’s domain contains both the
opened state π and the closed state 0 (and hence also 2π implying the configuration space
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is a non-contractible loop. Moreover, since the constraints are multi-valued this implies the
two solutions form two independent loops as shown in Figure 4.3(b). On the other hand if
each dihedral angle’s domain only contains 0 or π then these two solutions join to form a
single contractible loop in the configuration space as shown in Figure 4.3(a).
4.2 Isometric linear modes
The isostaticity of triangular faces means that gradients in the anglular velocity defined by
Equation 3.24 only arise between crease-sharing faces. However, non-triangular faces, in
particular parallelograms, have linear isometries that include bending of the faces so that
the angular velocity field may vary across a face as well. Here, I derive the resulting linear
compatibility condition in origami composed of parallelogram faces in subsection 4.2.1
and determine the modes for the particular case of the four-parallelogram origami, where
symmetries play a vital role in the characterization of the modes, in subsection 4.2.2.
4.2.1 Compatibility in generic parallelogram-based origami
The linear isometries of parallelogram-based origami are composed of crease folding (sim-
ilar to that of the triangulations in chapter 3) as well as face bending. This deformations are
quantified by an angular velocity field that now varies across the sheet under the compat-
ibility condition that elements of the sheet are not rotated relative to themselves. Locally,
the crease folding and face bending exhibit exact solutions up to overall amplitudes located
on the vertices and faces. These amplitudes are constrained by edge compatibility condi-
tions that can be combined to define a square compatibility matrix whose null space spans
the isometric linear modes.
The angular velocity field, ω, rotates elements of the sheet, ds→ ds+ω×ds, provided
elements do not rotate relative to themselves as specified by the condition
∮
ω × ds = 0, (4.10)
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where the integral is taken over any closed loop along the surface of the sheet such as that
shown in Figure 4.4(a). Since the surface elements lie within the plane of particular faces,
the angular velocity field cannot exhibit any gradients normal to this plane. Moreover,
because every crease is shared by two faces the angular velocity gradients must lie in both
planes simultaneously, hence these gradients are proportional to the edges themselves. The
distinction from triangulations is that now the angular velocity can change on a path along
an edge, in addition to across an edge, thereby generating rotations between corners of a
face.
Thus, the angular velocity gradients are comprised of two components. The first, anal-
ogous to the first-order folding motions of triangulations, is due to folding in the vicinity
of a particular vertex denoted by ±φai . The second is due to bending of a particular face
characterized by the torsion applied to the normal vector of the face denoted by±τAi . Here,
I use the local basis defined in Figure 4.4(b) and Figure 4.4(c) where the lowercase (upper-
case) superscripts specify the vertex (face), the subscript denotes the locally defined edge,
denoted by vai (v
A
i ) in counterclockwise order around the vertex (face), and the sign is
positive or negative depending if the edge is crossed in a counterclockwise or clockwise
manner around the vertex (face).
As before, these angular velocity gradients accumulate across the sheet









where the paired superscript (a,A) specifies the corner of face A that contains vertex a
and the sum is taken over all edges crossed and traversed. These angular velocity gradients
rotate elements of the sheet, thereby generating vertex displacements





× va′i′ , (4.12)
where the face dependence of the displacements can lead to global rotations of the sheet.
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Figure 4.4: (a) The angular velocity field, ω, must vanish around closed loops, such as that
indicated by the black arrows. This field rotates elements of the sheet, ds → dsω × ds,
such as those indicated by the maroon arrows provided that these rotations are compatible.
(b) Edges are locally defined in the vicinity of vertex a as vai where the subscript increases
on a path counterclockwise around the vertex. Vertex folding is represented by a local as-
signment of first-order folding motions, φai , that are subject to the orientation compatibility
condition in Equation 4.13. (c) Edges are locally defined on a face A by vAi where the sub-
script i increases on a path counterclockwise around the face. Face bending is represented
by a torsion, τAi , applied to the face that is subject to the orientation and position compat-
ibility conditions in Equation 4.16 and Equation 4.17 respectively. (d) The closed paths
around edges constrain the locally defined vertex folding and face bending via orientation
compatibility in Equation 4.19, thereby defining the linear compatibility matrix.
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The vertex folding and face torsions describe isometric linear modes when both the angular
velocity gradients in Equation 4.11 and the vertex displacements in Equation 4.12 vanish
along closed paths. Such paths are composed of individual loops around vertices and faces,
yielding local compatibility conditions, along with loops around edges that couple the local
solutions to constrain global solutions.
Since vertices are zero-dimensional points, a path around a vertex cannot result in any
displacement and the local compatibility condition is analogous to Equation 3.14 with the






i′ = 0. (4.13)
Since every vertex is four-coordinated in parallelogram-based origami, this condition ad-
mits a one-dimensional family of solutions provided the constraints are non-degenerate.
Such solutions are generically determined by projecting the condition onto the cross prod-
uct of any two local edge directions, thereby coupling the amount of folding on the two
remaining edges
ζai ≡ v̂ai+1 · v̂ai+2 × v̂ai+3, (4.14)
φai = (−1)iVaζai , (4.15)
where the triple products ζai are called the folding coefficients and the scalar V is called the
vertex amplitude.
In contrast, faces are two-dimensional so that face bending induces some amount of





i′ = 0, (4.16)
τAi v̂
A
i × vAi+1 = τAi+3v̂Ai+3 × vAi+2. (4.17)
However, because the edges bounding a face are co-planar, the orientation compatibility
condition in Equation 4.16 is two-dimensional and the position compatibility condition in
Equation 4.17 is one-dimensional so that the torsions also exhibit one-dimensional fam-
ilies of solutions. While the above constraints hold for any quadrilateral face, they are
dramatically simplified for parallelograms because v̂Ai = −v̂Ai+2 so that the solutions take
the form
τAi = (−1)iFAvAi , (4.18)
where, in analogy to the vertex-folding solutions in Equation 4.15, the edge lengths vAi are
the face-bending coefficients and the scalars FA are the face amplitudes.
These local solutions are constrained by orientation compatibility around the one-dimensional
edges where a closed loop accumulates angular velocity gradients






j+2 = 0, (4.19)
where a, a′ and A,A′ are respectively crease-sharing vertices and faces and the indices i, j
specify this edge in the appropriate local basis. Note, for the primed vertex and face this
edge index is increased by 2 because the edge is on the opposite side of the vertex of face.
Thus, Equation 4.19 defines one constraint for each edge with one degree of freedom for
each face and vertex, totally zero remaining degrees of freedom. Hence, by the analysis of
chapter 3, there should be three isometric linear modes, quantified by the vertex and face
amplitudes, that satisfy this constraint in spatially-periodic, parallelogram-based origami.
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More formally, these modes are in the null space of the compatibility matrix obtained by
concatenating all of the edge compatibility conditions. However, because the face-bending
coefficients are simply the edge lengths, the face amplitudes can be effectively integrating
out by summing the constraints on the four edges emanating from each vertex. This has
two implications. The first is that the edge compatibility conditions can be rewritten as













where the sum is taken over all vertices a′ that join vertex a. The second is that there exists
a mode comprised purely of face bending given by the trivial solutions to Equation 4.20.
Thus, for any parallelogram-based origami sheet, the concatenation of this compatibility
condition is a linear operator on the space of vertex amplitudes that generically has a two-
dimensional null space spanned by the remaining two isometric linear modes. In subsec-
tion 4.2.2 I use the discrete symmetries of the case where the unit cell is composed of four
generic parallelogram faces to characterize these two modes.
4.2.2 Discrete symmetries of the four-parallelogram origami
The formalism developed in subsection 4.2.1 applies for any spatially-periodic origami
sheet composed of parallelogram faces. Extensive work in the literature has been ded-
icated to analyzing such sheets with four specifically chosen parallelogram faces where
the isometric linear modes are obtained by triangulation [3, 2, 61, 5, 6]. These crease
patterns share a common antisymmetry that permits investigation of the entire family of
four-parallelogram origami simultaneously.
The degeneracy in the constraints is best captured by considering the permutation op-
erator that exchanges non-adjacent vertices, Pd, shown in Figure 4.5. The local edges and
vertex-folding coefficients have the special transformations under this operator
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Figure 4.5: The permutation operationsPh, Pv, andPd = PvPh = PhPv respectively swap
vertices in the horizontal, vertical, and diagonal directions. The vertex folding coefficients
obey the special property ζPdai = −ζai+2 under the diagonal permutation that leads to the
antisymmetry and off-block diagonalization of the compatibility matrix. The faces must
undergo the same permutations so that the edge compatibility condition in Equation 4.19
is invariant.
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vPdai = −vai+2, (4.21)
ζPdai = −ζai+2, (4.22)
while the matrix representation of this permutation operator is real (P∗d = Pd), symmetric
(PTd = Pd), and orthogonal (PTd = P−1d ) so that is unitary. Importantly, the compatibility
matrix is antisymmetric under this transformation
PdCPd = −C. (4.23)
This relationship implies that the compatibility matrix is off-block diagonalizable, a hall-
mark of particle-hole symmetry, into sectors that are symmetric and antisymmetric under
the permutations, Pd |V±〉 = ± |V±〉, as evident by the inner product
〈V (1)± |C|V
(2)




± 〉 = 0. (4.24)
These sectors are each two-dimensional because the diagonal permutation is composed
of the horizontal and vertical permutations, Pd = PhPv = PvPh, shown in Figure 4.5 so
that symmetric (antisymmetric) modes can either be symmetric/antisymmetric under both
(one) of the operations. Moreover, since these permutations commute they are simultane-
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where the first (second) slot indicates the symmetry, S, or antisymmetry, A, under the Ph
(Pv) permutation so that linear combinations of |SS〉 and |AA〉 (|SA〉 and |AS〉) belong
to the symmetric (antisymmetric) sector. This basis indeed transforms the compatibility
matrix into the off-block diagonal form
Csym =

0 0 0 0
0 0 χ−24 χ
−
13
0 χ−24 0 0




r̂i+1 · r̂i+2 × r̂i+3
ri
, (4.27)
χ±ij ≡ χi ± χj, (4.28)
where the χi are the global folding coefficients. Thus, the symmetric state, |V〉 = |SS〉, and
the antisymmetric state, |SA〉 − |AS〉, are the two isometric linear modes that incorporate
non-zero vertex folding.
The corresponding face amplitudes are obtained by substituting these solutions into
the edge compatibility conditions in Equation 4.19. The differences between any pair of
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vertex or face amplitudes can be written as a projection of the vertex amplitude ket onto a
superposition of the basis states revealing
〈F |SA〉 = −1
2
χ+13 〈V |AS〉 , (4.29)
〈F |AS〉 = 1
2
χ+24 〈V |SA〉 , (4.30)
〈F |AA〉 = −1
2




χ−24 〈V |SA〉 . (4.32)
Note that the two symmetric vertex basis states are absent because they do not couple
compatibly to face bending. Furthermore, these relationships couple the two antisymmetric
vertex basis states in agreement with the coupling found in the isometric linear mode.
However, they suprisingly couple both to antisymmetric and symmetric face amplitude
states.
Using these relationships, the face amplitudes of the antisymmetric mode can be deter-
mined to write the three isometric linear modes in completeness
Mode 1: |V sym〉 = |SS〉 , |F sym〉 = 0; (4.33)
Mode 2: |V face〉 = 0, |F face〉 = |SS〉 ; (4.34)
Mode 3:


















Notably, since the angular velocity in Equation 4.11 is dimensionless, the vertex ampli-
tudes must be dimensionless and the face amplitudes must have dimensions of inverse
length. Thus, while these three modes form an orthogonal basis spanning the isometric lin-
ear modes of the four-parallelogram origami, they require additional normalization factors.
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This fact is ignored in the forthcoming calculation of the lattice Poisson ratio, an observable
that is independent of this normalization.
4.3 Intercellular deformations
The isometric linear modes induce strain and curvature in the periodic origami sheet. These
deformations are quantified by generalizations of the fundamental forms, called lattice fun-
damental forms, that are used to define lattice Poisson ratios. Here, I show that the sym-
metry or antisymmetry of each mode constrains the deformations they induce revealing
that the in-plane lattice Poisson ratio of the symmetric mode is equal and opposite to the
out-of-plane lattice Poisson ratio of the bending mode.
4.3.1 Lattice fundamental forms and Poisson ratios
Continuous surfaces are described by the fundamental forms that geometrically couple
in-plane strains with out-of-plane curvatures. Due to the lack of a smooth embedding, I
introduce lattice fundamental forms quantified by the lattice vectors of spatially-periodic,
parallelogram-based origami and use them to quantify the strains and curvatures of the
isometric linear modes via changes to the periodicity.
Let the initial embedding, X, of the origami be the average vertex position in each cell





with the assumption that the average vertex position in cell (0, 0) is the origin. The cor-
responding tangent vectors of this embedding are the lattice vectors, ∂µX = `µ, thereby
defining the first lattice fundamental form
Iµν ≡ (∂µX) · (∂νX) = `µ · `ν . (4.37)
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Similarly, the corresponding curvatures are inversely proportional to the changes in the
lattice vectors, ∂µ∂νX = ∂µ`ν , thereby defining the second lattice fundamental form
IIµν ≡ n̂ · ∂µ∂νX = n̂ ·
(
`ν(n
µ = 1)− `ν(nµ = 0)
)
(4.38)
which vanishes for the spatially periodic configurations considered here.
The isometric linear modes change the lattice fundamental forms due to changes in the
lattice vectors
∆a,Aµ ≡ ua,A(nµ = 1)− ua,A(nµ = 0), (4.39)
where the superscripts emphasize the fact that these are locally defined as they are mea-
sured from a particular corner. Moreover, the isometric linear modes can induce intracell
rotations captured by the lattice angular velocities
Ωµ ≡ ωa,A(nµ = 1)− ωa,A(nµ = 0). (4.40)
Importantly, the local dependence of these lattice vector changes couples to the lattice
angular velocities due to compatibility along the path shown in Figure 4.6(a)
∆a
′,A′
µ −∆a,Aµ = Ωµ × raa′ + ω
a′,A′
a,A × `µ, (4.41)
where raa′ points from vertex a to vertex a′ and ω
a′,A′
a,A is the angular velocity gradient
between corners (a,A) and (a′, A′). This yields a useful connection between the in-plane
strains and out-of-plane curvatures in the origami sheet, similar to that for an elastic slab
as demonstrated in Figure 4.6(b).
Since our initial embedding is defined by the average vertex position in each cell,
changes in the first lattice fundamental form do not privilege any particular vertex. Thus,
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the changes in the first fundamental form are written
δIµν = ∆̄µ · `ν + `µ · ∆̄ν , (4.42)
where ∆̄µ is the change in the lattice vector averaged over all corners. However, the distinc-
tion between the change in the lattice vector, ∆µ, at any corners (a,A) and (a,A′) vanishes
when projected onto the same lattice vector, `µ, and cancels by symmetrizing over opposite
lattice vectors. Thus, the projections




∆aµ · `ν + ∆aν · `µ
)
, (4.43)
only need to be averaged over the vertices.
Expansion of the second lattice fundamental form in Equation 4.38 yields
δIIµν = n̂ · (Ωµ × `ν), (4.44)
which does not exhibit any immediate connections to changes in the first lattice fundamen-
tal form, as might be expected from the Gauss-Codazzi equations for continuous sheets [20].
However, applying Equation 4.41 and noting that position compatibility ensures Ωµ × `ν
always lies in the normal direction and is symmetric under swapping µ and ν to rewrite the
















The diagonal components of these changes to the lattice fundamental forms characterize
the stretching and curvature of the lattice in transverse cell directions. Thus, these quantities
naturally define the lattice Poisson ratios
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Figure 4.6: (a) The difference in the locally measured changes to the lattice vector is related,
by position compatibility, to the lattice angular velocity according to Equation 4.41. This
changes in the second lattice fundamental form to be written as functions of the changes
in the lattice vectors and hence, couples changes in the two lattice fundamental forms to
one another. (b) The local dependence of the changes in the lattice vectors parallels to
the bending of an elastic slab. As a slab is bend upwards out of plane, the top of the slab
compresses while the bottom of the slab stretches so that there is no strain in the neutral


















The antisymmetry of the four-parallelogram origami leads to an intimate connection be-
tween these two quantities for the symmetric and antisymmetric modes discussed in sub-
section 4.3.2.
4.3.2 Equal and opposite lattice Poisson ratios in the four-parallelogram
The changes in the lattice fundamental forms and the lattice Poisson ratios are defined for
generic parallelogram-based origami. The same antisymmetry that off-block diagonalizes
the compatibility matrix in the four-parallelogram origami governs these quantities so that
they take simple forms for each of the isometric linear modes.
Changes in both the first and second lattice fundamental forms are dependent on the
projections of changes into the lattice vectors onto the initial lattice vectors. The simpli-
fying feature of the four-parallelogram origami is that these locally-defined quantities only
vary between vertices by factors of the vertex amplitudes which can be seen by computing
them explicitly in an arbitrary local basis.
Without loss of generality, let this local basis be defined at vertex a. The measured






















× vPva2 . (4.49)
In this local basis, the lattice vectors can be written `1 = va1 − va3, `2 = va2 − va4 , so that
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the diagonal projections take the form









∆a2 · `2 = VPvavPva2 vPva4 ζPva1 ζPva3 , (4.51)
where I have used the symmetries of the horizontal and vertical permutations
vPhai =

vai , for i even
−vai+2, for i odd
, vPvai =

vai , for i odd




−ζai , for i even
ζai+2, for i odd
, ζPvai =

−ζai , for i odd
ζai+2, for i even
. (4.53)
These pairings of edges and vertex folding coefficients are invariant under all permutations
so that the projections of the lattice vectors change only by a factor of the vertex amplitude
when measured from a different vertex. Hence, the projections can be rewritten in terms of
the global folding coefficients
∆a1 · `1 = Rχ2χ4 〈a|Ph|V〉 , (4.54)
∆a2 · `2 = −Rχ1χ3 〈a|Pv|V〉 . (4.55)
Thus, the decomposition of the modes into symmetric and antisymmetric sectors natu-
rally divides the modes into ones that exclusively generate strains and ones that exclusively
generate curvature. First, consider changes to the diagonal components of the first lat-
tice fundamental form, Equation 4.42, obtained by averaging over all vertices a in Eqs.
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(Equation 4.54, Equation 4.55). The effect is to replace the sum over the particular vector,∑
〈a′|, with the symmetric state , 〈SS|, so that only the symmetric mode can stretch or
compress the lattice vectors. Next, consider changes to the diagonal components of the
second lattice fundamental form, Equation 4.45, obtained by taking the difference of Eqs.
(Equation 4.54, Equation 4.55) between any pair of vertices. Without loss of generality, we
choose the non-adjacent pair of vertices, 〈a|− 〈c|, that are equal to the antisymmetric com-
bination, 〈SA| + 〈AS|, indicating that only the antisymmetric mode can curve the lattice
vectors.
Finally, consider the corresponding in-plane and out-of-plane lattice Poisson ratios
computed via Eqs. (Equation 4.46, Equation 4.47) respectively. While changes in the
first and second lattice fundamental forms are themselves distinct because of the different
geometry associated with stretching and curving, the distinct prefactors cancel when taking
their ratio. The only distinction is that where the numerator contains a factor of Ph |V〉, the
denominator contains a factor of Pv |V〉 = PdPh |V〉 which generates a relative factor of
−1 for the antisymmetric mode. Consequently, the in-plane and out-of-plane Poisson ra-
tios of the three isometric linear modes of a given four-parallelogram configuration contain
only a single value, whose sign is flipped for the antisymmetric modes relative to that of the
symmetric modes. In fact, because so many of the aforementioned components of the fun-
damental forms are conserved under the modes most of the Poisson ratios are ill-defined,
leaving only the equal and opposite in-plane Poisson ratio of the symmetric mode and the









This result, which has been previously obtained via alternate means for the Miura-ori [61,
2], the eggbox [5], and the Morph [6] follows purely from the antisymmetry of the unit cell
63
under the diagonal vertex exchange shown in Fig. Figure 4.5.
This antisymmetry justifies the fact that the four-parallelogram origami has two lattice
Poisson ratios with opposite signs in contrasts to the case of the elastic slab, as sketched
in Figure 4.6, where the in-plane and out-of-plane Poisson ratios are equal. In particular,
the slab exhibits a single mode that couples in-plane strains with out-of-plane curvatures
whereas the stretching and bending of the origami sheet arise from two linearly independent
modes due to the existence of symmetry and antisymmetry sectors.
4.4 Discussion
I have explored the family of periodic origami composed of four parallelogram faces per
cell. I showed that such patterns generically have a one-dimensional surface of spatially-
periodic degenerate ground states. I also derived compatibility conditions on the linear
isometries and used a discrete symmetry of the crease pattern to decompose the resulting
compatibility matrix into symmetric and antisymmetric sectors. Finally, I showed that
modes in the symmetric (antisymmetric) sector exhibit purely in-plane strain (out-of-plane
curvature) and the two modes have equal and opposite lattice Poisson ratios.
The formalism developed in this chapter captures all of the linear isometries of quadrilateral-
based crease patterns while making discrete symmetries more apparent than the corre-
sponding triangulations. Thus, in addition to the interesting result for the four-parallelogram
family, there are immediate extensions of interest. First, the nonuniform modes of the four-
parallelogram should be investigated to search for any role of the permutation symmetry on
the band structure, particularly the existence of any high-symmetry points that may indi-
cate special modes which correspond to symmetry breaking. Second, the formalism can be
directly applied to crease patterns composed of more than four parallelogram faces, such
as the block fold, which may exhibit more involved symmetries yet fall in the same class
due to the action of these symmetries on the compatibility matrix. Third, I have solved the
face compatibility condition in Equation 4.16 and Equation 4.17 exclusively for parallelo-
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gram faces; determining the solution for more generic quadrilaterals permits the symmetry
analysis of such patterns. Notably, other quadrilateral-based crease patterns are generically
screw-periodic and hence, they likely belong to a different classification of compatibility
matrices. Lastly, the face-bending and antisymmetric modes induce non-cylindrical curva-
tures so that they do not uniformly extend to second order. However, allowing these modes




I have presented results for two broad classes of periodic origami. First, I have discussed
Maxwell origami - triangulations with equal numbers of constraints and degrees of free-
dom - to show that a hidden symmetry generates a two-dimensional space of degenerate
ground states and that its linear compatibility matrix belongs to a special topological class.
Second, I have discussed four-parallelogram origami - sheets composed of unit cells with
four parallelogram faces - to show that a discrete symmetry constrains the modes and their
mechanical response so that such sheets always possess one negative Poisson ratio mode.
I have emphasized the role of determining these properties by the mathematical properties
of the linear compatibility matrix, similar to the classification of Hamiltonians for topolog-
ical insulators and super conductors [15, 16, 17, 18, 19]. Here, I discuss some immediate
extensions to these efforts.
The topological classification of Maxwell origami via the realness property of its linear
compatibility matrix means that its winding number vanishes; however, this class of ma-
trices still admit non-trivial topological invariants [88]. First, the zeroeth homotopy group
possesses a Z2 invariant that can be computed by the sign of the determinant of the com-
patibility matrix. In principle, a non-uniform Maxwell origami crease pattern could exhibit
topologically protected modes at a boundary between +1 and −1 phases, however I have
been unable to tune a crease pattern to undergo this transition in real space. Second, the
first homotopy group (computed by the winding number for complex matrices) also pos-
sess a Z2 invariant and could similarly be used to determine the existence of topologically
protected modes. However, here I have been unable to compute this topological invari-
ant for generics-sized compatibility matrices. The most promising extension might be to
use the fact that the emergence of a third continuous symmetry in the spatially periodic
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state indicates the elimination of a band gap. Hence, a sheet that spatially varies from an
upwards folded cylinder to a downwards folded cylinder could exhibit topologically pro-
tected modes at the interface between these two regions as governed by the Z2 invariant
corresponding to the sign of the curvature.
The antisymmetry of the linear compatibility matrix for the four-parallelogram origami
implied the existence of distinct sectors of uniform modes that consequently had distinct
mechanical responses. This analysis could be extended to nonuniform modes where the
discrete symmetry may yield high symmetry points in the Brillouin zone that exhibit in-
teresting mechanical response due to symmetry breaking. Moreover, such nonuniform
modes could be used to accommodate the curvature induced by the asymmetric mode so
that the deformations extend to second order. Lastly, the formalism could be applied to
more general patterns including those with more than four parallelogram faces, such as the
block fold, as well as those with non-parallelogram faces, provided the face compatibility
conditions are resolved. Since quadrilateral-based origami crease patterns rely on discrete
symmetries to rigidly fold, this analysis could reveal common features between seemingly
distinct crease patterns.
The reduction from a continuum model of elastic sheets to geometric compatibility con-
ditions is paramount to the content of this thesis and the analytical results on origami crease
patterns herein. While this simplification indeed matches with finite element simulations
for linear deformations [13, 56], physical crease patterns exhibit additional mechanical
properties that make experimental validation difficult. First, physical sheets have finite elas-
tic moduli that dictate the energy cost for crease folding, face bending, and face stretching.
Importantly, this crease folding modulus depends not only on the material parameters but
also on the characteristic dimensions of the creases and faces, thereby impacting the scala-
bility for rigidly foldable patterns [103]. Moreover, these elastic moduli are the coefficients
for energy functionals that depend on reference configuration of a crease pattern [104,
105] so that for certain geometries and material parameters there exist bistable configura-
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tions [104, 96]. Second, individual creases obey logarithmic relaxation times when they
are strained [106] and moreover, relax to different reference angle [107]. Lastly, the en-
ergy cost of folding creases implies that locally actuated folding motions decay across the
sheet, revealing strain reversal, where cells contract or expand oppositely to the actuated
cell, due to finite bending moduli [108]. Thus, corrections must be made to the geometric
description of origami in order to quantitatively, and not just qualitatively, predict the non-
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